Module Application of Second order ODE

Application of 2nd order DE

Analyze motion of object attached spring.

statement

ag 1 Iy 2
y(t) = displacement
total force= mg—kd— ky= 0—ky
> retarding force

U
damping term

{air rsistance
orwviscosityofthe medium

F=—lky—cy
Deriving force of magnitude f(¢).
F=—ky—cy +f(t)
my” =—ky—cy +f(t)
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vyt my—f(t)

1) Unforced motion. (A} $&%

Case 1. ¢ —4km >0, A, \, () 7+a)])

\/02—4km<c



= —ctVE—4km <0

A <0 limy(t)=0
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Called “Over-damping.”

Case 2. ¢2—4km =0 (Critical damping), (YA 7+2])
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A 2m
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c
= CQ‘F%C]
c=2,m=1,k=1

02:5_4:1
y=(—4+t)eit

lim(—4+t)e =0
t- 0
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The object passes through the equilibrium point exactly once
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Case 3. ¢ —4km < 0 (under damping), (&
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y= e_ m [Clcos (8t)+ CQSin(ﬁt)]
limy(t) =0
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Ex)
c=k=2,m=1

52%@21

y(0)==3, y'(0)=2
y(t) =— eit(3cost+sint)
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1
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3
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cosd = 3 sinézi
V10’ V10

3cost+sint = /10 (cosdcost + sintsind)

= \/Ecos (t—246)
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1
tan =g
arctan 3

y=—+10 e lcos(t—46)
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Harmonic Oscillation (ZsH5l5%

my ' +ky=0, c=0 (no damping)

mr+k=0 7’2+£=O r==4 ﬁz
m V' m
. k . k
y= ClcOS\/m t+ Cysiny/ - t
k
Set w= . natural frequency

Period wT=2n T= Zwi

A= 4/Cl+ Oy “a s

yy = A (cosdcos (wt) +sindsin(wt))
= Acos(wt—24)

A, B Determined by initial conditions.

Damped Oscillation (Z2]%1%)

my +cy +ky=0, cx 0

—c*x \/02—4k:m

mr’+er+k=0 k=

2m
A—4km <0 rz—i-l-i
2m "
_ \/4k:m—c2
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y=e ™ (Cycos (ut)+ Cysin(ut))
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Use (1+1)? = 1+ 5t when t« 1

= Wy

& quasi frequency (£X1%2)
2T . . R R
T, = " Quasi period (&2%7])

T,>T

Ex) Overdamping case.
c=6,k=5,m=1
¢ —4km=36—20>0
M+6A+5=0N+5)\+1)=0 A=—1,—5
y=Ce "+ Ce !
y(0)=—14
y' (0)=0
—4=C+C,
0=—5C,— G,
—4=—4C, C =1, Cy=—
y:e_w—5e_t
“H=5+eM)<0
The object remarks below the equilibrium point.

Ex)

C

2m_1

AE—4km=0 = m=k

y=(C,+ Cyt)e "

C,
Case N has positive sign.
2

—(1+t)e !



(t+1)e Y = N1 +1)e!

Y
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y(O): C
y(0)=C—-C Cy=y(0)+y(0)

y=(y0)+ (y0)+y (0)t)e

y(0)=—1 Not pass rest position
y'(0)=—1

2) Forced motion. (7}A| &%)
Periodic driving force f=cos(wt)= resonance & beats = analogy with an electric

circuit

7 & ’
+—y +—y=— t
y y y COS (w )

Periodic driving force.
Y, = acos (wt)+bsin(wt)

Ex)
c=6,k=5m=1 A=6v5,w=+5
AA—4km=35—4. 5>0

Over damped.



y”+6y'+5y:6\/gcos(\/3t)

{y(O)ZO
y (0)=0

N+6eA+5=0+5(+1)

Y, = acos(\/gt)ersin(\/gt)
\/g(—asin(\/gt)—i—bcos(\/gt))

E4019 SR
Yy =
y,” =5(—acos (V5t)—bsin(/5t))
E4ol9] SEES ]l 2yg Al didstH
(fb—5a)cos(ﬁt)—(5b+ \/ga)sin(\/gt)

6v/5b=6v5 —6v/5a=0 b=1,a=0
Yy =Sin(\/gt)
y= Clef‘r)t-l- C’Qe*t-l-sin(\/gt)
= (transient)+ (steady state)

5
:Gx/gcos(\/gt)
(—=5a+6+v5b+5a)cos (vV/5t)+ (—56—6+v5a+5b)sin(v/5¢) =65 cos (V/5¢)
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Forced motion with damping.

Ex)
vy’ +1y +1.25y = 3cost
1 )



1
- =t

y=e 2 (01 cost+ CQSint)
Yy, = acost+bsint
yp/ =—asint+bcost

”

Yp =—acost—bsint
"-i-y'-i-éy :(—a+b+éa)cost-ﬁ-(—b—a—i—éb)sintZ?)cost
Yp p T Y 4 1

1

Za+b:3 at+4b=12
1, Ly gy po 28
aJerfO (4+4)b—12 be
_ 148 12
VTR
yPZ%cost—i—%sint
1,
y=e 2 (Clcost—i— stint)—i—yp
y(0) =2 _12 o, 14
{y'(0)=3 G=17G= 17
a9y 12
Amplitude of steady state.
12 oy 12 B
?(cost-l-élsmt)— \/ﬁcos(t 8)
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1
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tand = 4
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= 301 5?
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3 = Amplitude of external force

my” + ¢y’ + ky = Fycos (wt)
y= Ciy, + Coyy + Acos (wt)+ Bsin (wt)
S(t) = F,(A'cos (wt)+ B'sin(wt))= Rcos (wt—§)

R=F,VA*+B?

R_ !

Fy \/mQ(wg—wQ)chQwQ
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2 2 2132
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wp mk wg

C w
I'= < 1, —
m

RK/F,

F,ol J3X]= Amplitude =
s F 28 of Zopxict.

Resonance

* Analogy with an electric circuit.
R: Resistance

L: Inductance



C: Capacitance

E(t): Eletromotive force
! . 1
E@)=Li )+ Ri(t)+ Cq(t) E

1=q

)|

E(t)= Lq’(t)+ R () + —

ZQ(t)

” R/ 1 _i
¢trat =k

Mass « L
Damping constant -« R

Spring constant - %
Driving force « FE

” c k 1
+ iy Ty = —

Ex)
E(t)=17sin(2t)
i(t)="7
!
{‘I(O) 2000
q(0)=1i(0)=0
1 ’ q __
Lq" + Rq Jrz—E
10¢” +120¢' +10°1 = 17sin(2t)
/\/\/\/1209
E@®) =~ 1073F
10H
a9 16

¢ +12¢ +10%¢= %sin(%)

A+ 122A+100=0
_ —12+ V122 —4. 100
2
—6+ /36— 100
—6+8i
q(t)=e 5 (C cos (8t)+ Cysin(8t))+ ¢,

A
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gy = acos (2¢)+bsin(2t)
—4acos (2t) —4bsin (2t) + 12(— 2asin (2t) 4+ 2bcos (2t)) + 100 (acos (2t) + bsin(2t)) = 1.7sin(2t)
—4a+ 24b+ 100a= 0 960+ 24b =0
—4b—24a+100b= 1.7 —24a+96b=1.7
4a+b=0
1.7

—a+4b= I

=17 =L
17b= b=

1 1 .
q = 210 cos (2t) + 60 sin(2t)

1 1
¢0)=C ~ 215= 2000

, |
¢ (0)=—6C,+8C, 250
1 | 11\ 1
= 2200 T 2000 (ﬁJr 200 )E
14 7

1= 3000 15000 ©2 7 1500

. o . \/5 — 6t - T V 17
z(t)—q(t)— 30 e sm(8t+ 4)+ 120

¢

sin (2t +«)

_ 1
_ 6t s _ s
q(t)——15006 [7cos (8t) —sin(8t)]+ 240[ cos (2¢) +4sin(2¢t)]
i(t) =g () =— 2" % [cos (8¢) +sin (8t)] + —= [4cos (2¢) + sin (2t)]
30 120
x(t) m
[ ]
k
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