Module System of linear ODEs - X} 74%-9] dulsj

1. Review on matrix (Linear algebra)

A= (a;) nXm matrix

7 th row [a,;l —a

im ]

ayj
ith column
aw
AT= aﬁ)
AT=A4""=(ay)
3 1+2 . 32—
Az[ . ] A =[ _}
2—1 —4 1—2 —4
:[ 3 2+i]
1—3i —4
Addition

A+B=B+A
A+(B+C)=(A+B)+C

Multiply by scalar
oA =« (aij) = (ozaij)
Multiplication

1
L =1 "
1

AB= (a,;j)(blzj) = (Eaik’bkj)

nxXm mXp

Identity matrix

AL =LA=A A,.,
AB=BA=1
B=A "' Inverse of A
e detz 0
AZ=Z A:nXn

ap @yt a,x, =0y

QAp1Ty +- ATy = bn,

x L b
: b=|:
) bn

A ls invertible = z=Ab

A=(a;) 2=

- =

Az= 0(homogeneous equation) has only trivial solution z=0

1) Linearly independence.



v,w w# v

V1, Uy, Us no redundant vector

Vg# CUq and V3# a]w1+ﬁv2

(characterize) vy, ,v, linearly independent
s cvyt - +c,v,=0
=c = =c¢,=0
Ex)
1 2 —4
’U1: 2 ’U2: 1 ’U3: 1
—1 3 —11

Determine whether they are linearly independent or not.

Search for non-zero ¢, ¢y, cs.

1 2 04 ]]|4
l2 11 } C|=0

—13—11] ¢,

1 2 —410

l0—3 4 O}

0 5 —1510

1 2 —4{0

~ l01—30

01 —3l0

1 2—40

~ 01—30}

00 010

¢, +2¢y—4c3 =0

02_363 =0
c3=1t cy=3t
c; =— 2¢y T 4cy

=—6t+4t=—2¢

t 1

det[vl Vg v3] =0

—2t —2
3t |=t| 3 = — 2’Ul+ 3v2+ V3= 0

det[vy vy ayv;+ Qu,)
= a, det[vy vy v5] + aydet[vy vy g

ay ap ag

_ _ by b b b
A AN © det|b bybs|=a| * *|—ay '
] Cy C3 C1 C3
b b bl €263 C1 C3 Cy Gy
1 92 031= a4 ) as
ap ay as




v U, ER linearly independent

wER"= 31 a, - ,0,ER

such that w= Zaﬂ’j
=

— ™
T YA A= o v ][ |mw e B 29T S M
a”
HASHH
a=Atw = det(A)z 0
v, ,v, lineally independent = det(v; - v,)# 0

U1
det[vl, ,vn] =det|:
T
v'ﬂ
=det| . =d, - ,d,# 0
O d’!l

2. 49 A vlEWEA QY

Homogeneous Linear system with constant coefficients

d—) —

%x(t) = Ax(t)

a=[55]

2
T, =ce

Ty = coe

Z(t) = cl{e;t]Jch[e?w}

2 =3t
e“v e vy

I I
P, 2

Ex)
z, (t) =3z, +3x,+8

xy () =2, +5zy + 4e*

S

In general X'=AX+ G, X(t,) = X°




Theorem.

I5¢,

suppose a,;(t), g;(t) are continuous on I.

then Initial Value Problem.

X'=AX+@G, X(t,)=X° has a unique solution defined at all t1

Homogeneous system

Ex)
1—4

A:(15

x
&, (t)= (_ 2635) ®,(t)= ((1 _ﬁjft)eb‘t) defined on R

3t
(&

Linearly independent.

(11—6t)e35)
&, (t) = =—4p, + 3&
alt) ((—4+3t)e3t ! 2
Theorem.

(0

wll T/Jm

& = | @,=]
wnl wlln

are solution of X’=AX on I

&, ,®, are linearly independent on I if and only if &(t,), ,9,(t,) are linearly

independent.

(W (to) Y1y (fo) v Yy (to)

oy (tg) oy (t) -

that is £ 0 .

wnvl (tO) 1%:2 (tO) 7/]rm (tO)

Ex)

o=} =112+

&,(0) = (_12), @,(0) = ((1))

):—1—1¢ 0



Nonlinear pt: =

Suppose & (t,), - ,P,(t,) are linearly independent. want to
& (t), ,®,(t) are linearly independent.

Suppose & (t,) = cy®, (t,) +- +c, D,(t,) .

Define &(t)=&,—c,®,— —c, b, =& is solution of X'=AX.
&(t,)=0.
& is solution of IVP X'=AX, X(t,) =0
0
But W(t)z(zOJ is also solution on I.

- ®(t)=0 onI

= &(t)= DY c;®; onl
j=2

Theorem.
1. X’= AX has n linearly independent solutions defined on I.

show

2. Given n linearly independent solutions &(t),-,®,(t) defined on I,

solution on I is a linear combination of &;(t), . ,®,(t) .\

“General solution” Y c®,(t)

j=1

Ex)
1—4

X 15

|
—_—

si0-[2 o127

— 263 (1—2t)e? (61)
=N
e te? Co
2 is called “fundamental matrix” of X'= AX .
X(t)=0(t)C

€y

b= 61¢1+ 02¢2: c
2

that

every



2. Homogeneous case ¥4tsfj SL5}7].

A is constant matrix.

X=¢eM

A= A
Find A and ¢ satisfying such M\ is called eigenvalue of A and ¢ is called
eigenvector of A.

Theorem.
Suppose A has A, ,\, eigenvalues and associated eigenvectors ¢&;,--,¢, that

linearly independent.

= fleA‘t,m 7$nex,¢ are linearly independent solutions of A’=AX on R

Ex)
, (42
X‘QJX
4—X 2 |
3 3—J*0
(4—=N)B—=X)—-6=0
N —TA+6=0
A—6)A—1)=0
A= 1,6
AX=)\X
(A—ADX=P)
0
X is nonzero vector.
= A — M\l is not invertible.
= det(A—X)=0
Ex)
do _ e
a  181]”
1-X 2 |
‘9 1—J*0
1—-X\)?—-16=0
1—-A=+4
A=1+4
=5 —3

Eigenvector for A=5.



Figenvector for A =—3.

{éﬂﬁz—:ﬂ
143 2 1— = - =
[ 8 1+3] 0, [8 ]w*O

ksl X(¢) = cyve’ +cywe” ¥
265t 267 3t
= [465t] + 02{_ fo— B
Ex)

A:

0 1 —1
1 0—1}
—1-10
A1 —1
1 —x—1
—1—-1-A
- A 1 —1
1 —A —1

det(A—\I) =

=—(+x)

1+A
1+ A

0 —(1+x)—@1+N)

-2 1 -1

1 —x—1

0 1 1

~( ){(_ /\)‘_1)\ _11‘_ H _11 }
—( HENNEA+D) -0 +1))
— 1+ N[N =x—2]
—1+N00=2)0+1)

A= —1,2

A= —1
Av=—1v (A+Dv=0
11 —1
11 -1

—-1-11

- -

v=20

v+ vy —v3 =0

Set vy =t,v; =s, then vi_ —t+s.






