Module Surface integral and flux

1. Parametrizations of Surfaces: Introduction

@

x = cost
y=sint
z=0

We want to express the ant circle on plane z=3
T = cost
y=sint
z=3

We need two parameters ¢ and s such that we express points moving on cylinder.

AN
N~

vertical
— horizontal

R*S (s,t)~ (z(s,t),y(s,t),z(s,t)) ER?

® z=f(z,y) paramerize a surface given as a graph of f

r=ty=s z=f(t,s)
ol All)

Py +22=1,22 0
z= \/1—$2—y2

r=t,y=s,z2= 1—?—¢?



ts)e{t+sts 1}
® parametrization of plane.

p=p,=tV+sW

of|Al|]) Sphere centered at (2,—1,3) with radius 2

AL

7—:(3079) = ;+ ?”—(;((,0,9)

=(2,—1,3) —|—2(Sing00089,sin<psin9,cosap)
x =2+ 2sinpcosd Os p= 7

y=—1+2singpsind 0< 0= 2

z=3+2cosp

@ Surface of revolution

curve in x-z plane

z=1,(s)
y=0
z=2z,(s)



z(t,s) = x,(s)cost
y(t,s) =y,(s)sint

2(t,s) = zo(s)

olA]) torus

T, = 2+cos (s)

Zy = 2+sin(s)
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A
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2. 2wo| uj7jst

X3
v
- D
x(u,v)
_—
X2
> U
X1
X : D- R’ 94 AP (mapping)
(U,’U)H X(u,v) = (Xl (U,’U),X2 (U,’U),Xs (U,’U))
of| &Tl)
z
:c2+y2 =4 z(u,v) =2cosu  (u,v)E[0,27) X R
y(u,v) = 2sinu
z(u,v)=v
of|Al)




of[A]) sphere

(r,§)ER"x[0,27)

;.,

2+ =1

x = singcosf
x =singsinf
Z=cos¢

(¢,0)= [0, 7] x[0,27)

olAl) mh7iet7h FoHES ™ S-S sketch st}

X(u,v) = (2cosu,v,2sinu)

x, = 2c08U 2+ =(2)?
Ty =0
Ty = 28inu

X3




oy~ 2R 3401 (0,000 7 WAIZ0] 291 U, mPFOR 0] F

oNA) X(u,v) = (ucosv,usinv,u’) 02 wi7fet Bl FHE AF |5t}

3. THO WA L5}7]
S : X(u,v):(xl(u,v),x2(u,v),w3(u,v)) (u,v)ED

A(S)Z[/ |Xu ><Xv|dudv
D
oxr

1., 0xy Oy

X, = i+ Jj+ k
ou ou ou
oxr;  0xy 0T,

X, = i+ Jjt k
ov ov ov

Justification of area formula

v

X(u,v)

v+ Av

Uy Uy + Au X1

(%) [ugyuy + Aul X [vg,v, + Av]o] Xof 9|3t image®] WA L)AL
arc PQQ] Zo] = fcurve wu- w(u,vo) 9] Zlo]
( Uy S US uo—l—Au]
arc PR Zo] = fcurve wv- :c(uo,v) o] Zlo]
[ Uy S Vs vo—i—AzJ
(+) ®H = [PQx PR
curve u~ w(u,vo)gl u=u,o|A<] target vectorg X, =21l A}
u~ (2, (u,v), 25 (1,0, ), 24 (1,0,))

ox, ox, 04
= %(anvo ) E(UO’UO ) E&LO’UO)

X

u’(uu,vo)
curve v~ X(uy,v)2 v=1v,9149] target vectors X 2}1 £A}
ve (2 (g, v), 25 (U, 0), 25 (1, v))

0xy 0x, 0T,
% (UO,’UO > E (UO,UO )7 E (UO,UO)

X

”|(uD-,vo) -



PO- X

u

Au

(ug,vy)

PR~ X

v

Av

(ug,vp)
|PQX PRI~ |X, % X,| Au/v

surface®] WA = ZZLXHXXJAUA’U

oIA)

xzu,yzv,z=u2+v2

u=1 = (1,v,1+v2)

v=1 = (u,1,1+u2)
X(u,v) = (u,v,u° +0?)

_(% w 8u2+v2)
“ ou’ ou’  oBu

=(1,0,2u)

ou v ou’+v°
ov’ v’ ov

v

)z (0,1,2v)

oAl) ¥tA]S 121 sphere o] HHA AL5}7]
x, =singcos  x, =singsind Ty =COSQP
D={(¢40):0c ¢= m0s 0= 27}
ox, 0x, 04

Xy = a¢z+ a¢j+ 8(bk

= cos ¢cos i + cos psinfj —singk



ox, 0x, 04

Xo= %0 T 07 o "
=—singsinfi +singcosfj+ 0k
i j k

Xy XXy =| cosgeost cosgsind —sing
—singsinf singcosf 0

= sin’¢cosbi +sin’¢sindj + singcos ok
’qu ><X9|2 = sin’¢cos?0 +sin'¢gsin’d +sin’peos’ep
=sin’¢p+sin’¢cos’ep
=sin’¢(sin’p+ cos?o)
=sin’p

as)= [f X, < Xjdode

- / 0% f Oﬂsin¢d¢d9

= 27rf singdp = 4w

0

oAl Surface?t &4 z=f(z,y)o Jefjmg FojA o, S:z=f(z,y), (@,y)ED
S9] surface area”f // Vi+f2 +f§ drdyz Zo]R-S =935}t
D

oAdl) B z=9 ofefo]l 9= paraboloid z=uz"~+3’9] surface areaS o] A2 o]&



of|A]) The portion of the cone z= v/ a:2+y2 between the planes z=2 and z=26

Find its surface area.

of|A]) Cylindrical surface y2+z2 =4 1=z z=s 4

pla,y,2) =2
r(u,v) = (v,2cosu,2sinu) Os us 2w, 1s vs 4

r, X r,=2cosuj+ 2sinuk

4 27
mass = / f (2sinu)*2dudv
1Y 0

4 2
=8 / dv f sin“udu
1 0

4 m
f / (2sinu)2dudv
1Y 0

o|A]) Torus® surface area?

oAl
7(t)
. p - Cone
r(t,s)=(1—s)p+sr(t) Os s 1,as t=s b
r=sr ()
ro=—p+r(t)
[, 57 |= sl (#) % (= ptr(2)]
oAl
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P=1(0,0,0) r(t) = (3,5cost, 10sint) Os t= 27
i k

0 — 5sint 10cost
3 Hcost 10sint

— —>

TXr,=s

= s[(=50)i+30costj+ 15sintk]

2
Area = / / S \/502 +30%cos %t + 15%sin’t dtds
0 0

4. Surface integral of f over the surface S

S:X:D- R?

I o= ] g, <o

A thin sheet has the shape of a surface S and its density (mass per unit area) at

(z,y.2) is p(x,y,2)

Total mass of the sheet

o= ] o

-1

= E//ifpda
-1

y= /f Sypda
-1
=l o

&) S:z= \/a2—$2—y2 (x2—|—y2 s d), (z,y,2) = 2. Find (E,@,E).

Center of mass (z,y,z)

Sol) S& uliZi&tsttt.
X(u,v) = (u,v, Va? —u* —1*)

DZ{uv cul 4’ s a2}

_(’ a)
x,=pa1)

_10_



J J B B

2 2 2 2
u +tv+z =a

9 B B
Apply = to both sides 2u+2z 2 =0 L=—21
ou ou o z
0 0
Like wise 20+ 2:2=0 Z-_Y
ov ov z
)(u :(1707_3): 1,0, “
z a _UZ_UZ
XUZ(O,L 3) (01 v )
z 2 — P —
ij ok
u
10— —
| ><X1;|_ z
01—~
=|—t+ j+k‘
z
2 2
:\/ﬂ) - 3) +1
z z
_a_ _a
z P — i —

a
m= [/pda—j p(u,, 2 (U,v) ) ————=dudv
[Z— % — 02

use polar coordinates

2T a a
:/o fo \/ﬁ \/a2—7'2 rrd

1
= 271'@5(12 =ma’

- 1
xZ—[/xpda
mJJ g

a
xpdo = [/ up w0, 2 (U, ) ————————-dudv (7|14 z(u,v) =u)
“// Va2 —u?—1?
21 a
= / / rcosBardrdf
0 0
a 27
:a/ rzdrf cosfdf =0
0 0
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. L= -2
Likewise y=0, z= ga

oflAl)

S=5u Su S,

Sl:{w2+y2:1}n {0s 25 142}
1}

S {z=1+2z}n {x2+y2 s 1}

S, :{z=0}n {mQ-I-yQ

A

/f o= // [ // 2t // e

S, & =cosb,y=sinb,z =z

D={0s s 21,0s z=s 1+cosf}

X(9,z) = (cosb,sind, z)

X, = (—sin#,cosh,0)

X, =(0,0,1)

‘ i Jj Kk
X, XX, =|—sinf cosf 0
0 0 1
[ Xy < X |=1

= cosfi+sinfj
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ﬂ zdo = ﬂ zdzdf
s, D
2 1+ cosf
= / f zdzdf
0 0

2
= /0 %(14—(:059)2(1;9 = 3%

[/Ssz:O(ZZ()onSZ)
/]Szdaz NoXs (Exe)

Exe)
S:x+y+z=1, zz 0,yz 0,zz 0

[ v2do = ARstL. (ans V3
: 24

5. Flux integral through surface

*QOrientation of surface
T9io] ok} yhe PESH: ook
2 HO] MM vectorE 0]835}9 orientation & A strt.

o

Pt Z£S gFst= HA vector: positive orientation & 9% X

9

o
(o]}
el
ol

ol

rr

cE

vector=

-

X(¢,0) = singcosbi +singsindj + cos ok
Xy XXy = sin®¢cosfi +sin’¢sindj + singcos ok

Flux = At ¢t S5 Set

o
1o
<
o,
c
=)
[0}
I
=)
~
>
=

—

Def) Area vector A

i) |Al = area of the surface

—  —

i) A//n
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oflAl)

— — - -

A=Ak v= v—i—g
57te] #

b
rr

i)

At 9 Sg Satet 9] v =|Allv|Atcosd
Flux =|Allvlcosd=A- v

n

AA= AAn

ZF- A A= Flux through

A//SF- ndor

|X¢ ><X9| =sing
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X, <X,

= m: singcos#i +singsindj + cos ok
o Yo

n

normal vector (/4 HE])

n = sphere?] position vector

Xo
% X(‘,b X Xg
Xp

("49]) Flux integral of vector field across S

F= S oA Aol H&3shH= vector field.

X

n

n: 859 outward normal vector

F=pv

AS
S
Flux integral®] =2]& 90|
density p(z,y,2). velocity v(z,y,2)Ql fluide] flows A§ztstet.
(pv- n) Area (AS): surface 27 ASE TeIAZIG Eushs 9Al9) Qolch.

Yiov- n)Area(AS)= SYANG S2 Suets 9A9 Folch
S

oA A)
F=zi+yj+xk

St +yP+2 =1
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/ F. ndo= AN AL
S

X(¢,0) = (sing,cosf,sing,sinf,cos )
D={(¢0):0s ¢s m0s 0= 21}

X X X,
I Fxo: % ) o ot
F(X(¢,0)) = cos¢i +singsindj + singcos Ok

X, X X, =sin’¢cosbi +sin’*¢sindj+singcos ok
F(X(6,0)- (X, %X,)

= cosgsin®¢cosf +sin’gsin®g +sin’peos peosd
= 2cos¢sin’peosf +sin’gsin’d

27 T
/ f (2cos gsin’peosd +sin’gsin’d)dodo
0o Yo

2 ™ 2 s
:2f cosGdQ/ cos¢sin2¢dq§+f sinQGdH/ sin®pdg
0 0 0 0

oflAll)
F=zi+yj+zk
S:{x2+y2§ Z s 4}
F 5
S,
//' F. ndo= // F. ndo+ // F. ndo
s S, S,
S in =k
X(u,v) = (u,0,4)
D={(uv): > +v* < 4}
F(X(u,v))- n,=4
X, =(1,0,0), X, =(0,1,0)
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X, xX, =k
/] F n= / 4dudv
s, D

=4A4rea(D)=4- w(2)* =167
S, X(u,v) = (u,v,u* +1%)

X, =(1,0,2u)
X, =(0,1,2v)
ijk
X, <X, =[102u
012v
=—2ui—2vj+k

X, xX,)

:[/DF. (—XUXXv)dudv

F(X(u,v)) Zui+vj+(u2 +0? )k
Fo (=X, xXX,)=2u" 420" —u’ +0°

=u? +v*

// D(u2 +0? )dudv

2 2
/ / rdrdf = 87
0 0
[/ F- ndr=167+8m=24n
s
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